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Comfort and Remus [W.W. Comfort, D. Remus, Abelian torsion groups with a pseudo-
compact group topology, Forum Math. 6 (3) (1994) 323–337] characterized algebraically
the Abelian torsion groups that admit a pseudocompact group topology using the Ulm–
Kaplansky invariants.
We show, under a condition weaker than the Generalized Continuum Hypothesis, that an
Abelian torsion group (of any cardinality) admits a pseudocompact group topology if and
only if it admits a countably compact group topology. Dikranjan and Tkachenko [D. Dikran-
jan, M. Tkachenko, Algebraic structure of small countably compact Abelian groups, Forum
Math. 15 (6) (2003) 811–837], and Dikranjan and Shakhmatov [D. Dikranjan, D. Shakhma-
tov, Forcing hereditarily separable compact-like group topologies on Abelian groups, Topol-
ogy Appl. 151 (1–3) (2005) 2–54] showed this equivalence for groups of cardinality not
greater than 2c.
We also show, from the existence of a selective ultraﬁlter, that there are countably compact
groups without non-trivial convergent sequences of cardinality κω , for any inﬁnite cardi-
nal κ . In particular, it is consistent that for every cardinal κ there are countably compact
groups without non-trivial convergent sequences whose weight λ has countable coﬁnality
and λ > κ .
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Halmos [17] showed that the real line admits a compact group topology. That motivated him to ask which groups
admit a compact group topology. The classiﬁcation was completed independently by Harrison [18] and Hulanicki [19]. The
pseudocompact version of Halmos’ question has been studied by several authors [4–9]. In [9], Dikranjan and Shakhmatov
survey what is known about the classiﬁcation of the Abelian groups that admit a pseudocompact group topology.
The algebraic classiﬁcation of the Abelian groups that admit a countably compact group topology has been asked in [9].
We proceed the study initiated by Dikranjan and Tkachenko [11] and Dikranjan and Shakhmatov [10] towards a classiﬁcation
of the Abelian groups that admit a countably compact group topology. We recommend both papers for further historical
notes and motivation.
Abelian torsion and Abelian non-torsion groups of small cardinality that admit a countably compact group topology have
been classiﬁed in [11] (groups of size c, under MA) and [10] (groups of size at most 2c in a forcing model in which CH
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was started while the second author was visiting Professor Nogura at Ehime University with support from Mombukagakusho, Japan. This work has been
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organizers and Fapesp Proc. No. 2007/06763-5.
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which limits the construction of group topologies to groups of cardinality at most 2c .
We will modify the construction in [15] to obtain the results in the abstract. The example in [15] was limited to a group
topology on the direct sum of c copies of Z2.
All topological spaces are completely regular and all groups are Abelian throughout this note. The binary operation on
a group will be denoted by + and the neutral element will be denoted by 0. The group of integer numbers and the cyclic
group of order n are denoted by Z and Zn respectively. Given a cardinal α and a group G , G(α) denotes the direct sum of α
copies of G and Gα denotes the product of α copies of G .
An Abelian group G is torsion if, for every g ∈ G , there exists a positive integer n such that ng = 0. The order of g ,
denoted by o(g), is the least positive integer n such that ng = 0. An Abelian torsion group G is bounded torsion if there
exists a positive integer n such that ng = 0 for every g ∈ G .
If G is an Abelian torsion group and p is a prime number then Gp denotes the subgroup {g ∈ G: ∃k ∈ N, o(g) = pk}.
If Gp is bounded torsion, there exist positive integers tp,0 < tp,1 < · · · < tp,lp and cardinals αp,0, . . . ,αp,lp such that Gp
is isomorphic to
⊕
ilp Z
(αp,i)
ptp,i
. The αp,i ’s are the Ulm–Kaplansky invariants of Gp .
Deﬁnition 1.1. An ultraﬁlter U in ω∗ is selective if for each partition {An: n ∈ ω} of ω either
(i) An ∈ U for some n ∈ ω or
(ii) there exists B ∈ U such that B ∩ An is a singleton for every n ∈ ω.
Deﬁnition 1.2. ([2]) Let X be a topological space and U ∈ ω∗ . A point x ∈ X is a U -limit point of the sequence
{xn: n ∈ ω} ⊆ X if for every neighborhood U of x, the set {n ∈ ω: xn ∈ U } ∈ U .
A sequence {xn: n ∈ ω} has x as an accumulation point if and only if there exists U ∈ ω∗ such that x is the U -limit of
{xn: n ∈ ω}.
A point {yα: α ∈ I} ∈∏α∈I Xα , is a U -limit of {{xαn : α ∈ I}: n ∈ ω} ⊆∏α∈I Xα if and only if yα is a U -limit of {xαn : n ∈ ω}
in Xα for each α ∈ I .
Deﬁnition 1.3. ([2]) Let U be a free ultraﬁlter in ω∗ . A topological space X is U -compact if every sequence in X has a
U -limit in X .
Fixed an ultraﬁlter U , U -compactness is a productive property. U -compact spaces are countably compact.
Our main result in this work is the following:
Theorem 1.4. Assume that (i) αω = α, for every cardinal α of uncountable coﬁnality, (ii) every cardinal β of countable coﬁnality is
strong limit (that is, if λ < β then 2λ < β) and (iii) there exists a selective ultraﬁlter U . Let G be a torsion Abelian group. Then the
following are equivalent:
(a) G admits a topological group topology that turns G into a U -compact topological group without non-trivial convergent sequences.
(b) G admits a countably compact group topology.
(c) G admits a pseudocompact group topology.
(d) All but ﬁnitely many Gp’s are non-trivial for p prime. For each p prime, Gp is isomorphic to
⊕
ilp Z
(αp,i)
ptp,i
with tp,0 < tp,1 <
· · · < tp,lp and for each i  lp either αp,i is ﬁnite or there is j  i such that αp,i  αp, j = (αp, j)ω .
Comfort and Remus [7] characterized algebraically the Abelian groups that admit a pseudocompact group topology in
terms of their Ulm–Kaplansky invariants. This characterization and conditions (i) and (ii) imply (c) ⇔ (d).
We will use selective ultraﬁlters to construct countably compact group topologies on Abelian torsion groups without
non-trivial convergent sequences that will imply the only non-trivial case left in the equivalences: (d) ⇒ (a).
Dikranjan and Tkachenko [11] showed that, under Martin’s Axiom, an Abelian torsion group of cardinality c admit
a countably compact group topology if and only if it admits a pseudocompact group topology. Theorem 1.4 shows this
equivalence for arbitrarily large torsion Abelian groups under conditions (i)–(iii). However, conditions (i) and (ii) are only
needed to torsion groups larger than c. As we will see in Theorem 5.3, the result of Dikranjan and Tkachenko can be ob-
tained from the existence of a single selective ultraﬁlter. Martin’s Axiom implies the existence of 2c selective ultraﬁlters,
but there are models in which there are selective ultraﬁlters, but Martin’s Axiom totally fails [1].
In Section 2, we prepare the ground for the construction. In Section 3, we construct the partial homomorphism that will
be used in Section 4 in the construction of a homomorphic embedding for some Abelian torsion groups. In Section 5, we
prove the main result of this work. In Section 6, we discuss about countably compact groups without non-trivial convergent
sequences whose weight has countable coﬁnality. We end the paper with some comments and a few questions.
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2. Preliminaries
Given a subset A of G , 〈A〉 denotes the subgroup of G generated by A, that is, 〈A〉 is the smallest subgroup of G that
contains A.
During the construction of the group topology on the group G isomorphic to (Zpk )
(α) ⊕ (Zpl )(αω) , we will ﬁx a basis
{xβ : β ∈ αω} of G . Given a subset F of αω , denote by F the set {xα: α ∈ F } and given g ∈ G denote by supp(g) the
smallest subset F of αω such that g ∈ 〈F 〉.
Deﬁnition 2.1. Given an Abelian group G , a ﬁnite subset {x1, . . . , xk} is independent if whenever n1, . . . ,nk ∈ Z and n1x1 +
· · · + nkxk = 0 then n1x1 = · · · = nkxk = 0. A subset A of G is independent if every ﬁnite subset of A is independent.
A subset A of G is a basis for G if A is independent and the group generated by A is G .
Deﬁnition 2.2. A subgroup H of G is pure if for every g ∈ G and n ∈ Z, whenever ng ∈ H , there exists h ∈ H such that
ng = nh.
Lemma 2.3. Let G be a bounded torsion Abelian group. Every basis of a pure subgroup H of G can be extended to a basis of G.
Proof. Let A be a basis for H . Every bounded pure subgroup is a direct summand (see Theorem 2.7 in [14]). Therefore, G is
the direct sum of H and a bounded torsion Abelian group K . It is well known that every bounded torsion Abelian group
has a basis. Let B be a basis for K . Then A ∪ B is a basis for G extending A. 
Deﬁnition 2.4. Let G be a group and U be a free ultraﬁlter on ω. Given a,b ∈ ωG , we say that a and b are U -equivalent if
the set {n ∈ ω: a(n) = b(n)} belongs to U .
Deﬁnition 2.5. Given a ∈ ωG , [a]U (or simply [a] if no confusion arises) denotes the set of all U -equivalent elements to a.
ωG/U denotes the set of all U -equivalent classes in ωG .
If g ∈ G , [g] denotes the U -equivalent class of the constant sequence g . Given [a], [b] ∈ ωG/U , the operation [a] + [b] :=
[a + b] is well deﬁned and it turns ωG/U into a group.
Lemma 2.6. Let G be a bounded torsion Abelian group and A be a basis for G. The group ωG/U has a basis of the form {[g]: g ∈ A} ∪
{[ f ]: f ∈ B}, where B is a family of 1–1 functions in ωG.
Proof. If G is a bounded torsion Abelian group, then ωG/U is also a bounded torsion Abelian group. Furthermore, the group
{[g]: g ∈ G} is a pure subgroup of ωG/U . Clearly {[g]: g ∈ A} is a basis for the pure subgroup {[g]: g ∈ G}. By Lemma 2.3,
there exists a family B contained in ωG such that {[g]: g ∈ A} ∪ {[ f ]: f ∈ B} is a basis for ωG/U . Each f ∈ B is not
U -equivalent to a constant function. We can assume, without loss of generality, that each f ∈ B is 1–1. 
Lemma 2.7. Let G be a torsion Abelian group and A be a basis for G. Let
(1) {[g]: g ∈ A} ∪ {[ f ]: f ∈ B} be a basis for the group ωG/U , where B is a family of 1–1 functions in ωG;
(2) {φ j: j ∈ J } be a family of functions, where φ j is a homomorphism from G into a topological Abelian group K j , for each j ∈ J ; and
(3) Φ be the diagonal product of {φ j: j ∈ J } from G into∏ j∈ J K j . Under the conditions above, the following hold:
(a) If for every g ∈ G \ {0} there exists j ∈ J such that φ j(g) = 0 ∈ K j , then Φ is an algebraic embedding.
(b) If for every f ∈ B {φ j( f (n)): n ∈ ω} has a U -limit in K j for every j ∈ J then Φ[G] is U -compact.
(c) Suppose that for every B ∈ U , for every B′ ⊆ B ﬁnite and {m f : f ∈ B′} ⊂ Z with [∑ f ∈B′ m f f ] = 0 ∈ ωG/U , there exists
j ∈ J such that {φ j(∑ f ∈B′ m f f (n)): n ∈ B} has two accumulation points in K j . Then Φ[G] has no non-trivial convergent
sequences.
Proof. The proof of (a) is trivial.
For the proof of (b) and (c), let {an: n ∈ ω} be an arbitrary sequence in Φ[G]. Let h ∈ ωG such that Φ(h(n)) = an for each
n ∈ ω.
By (1), there exist A′ ⊆ A and B′ ⊆ B both ﬁnite and {ng : g ∈ A′} ∪ {m f : f ∈ B′} such that [h] =∑g∈A′ ng[g] +∑
f ∈B′ m f [ f ]. Thus, there exists
C ∈ U such that h(k) =
∑
g∈A′
ng g +
∑
f ∈B′
m f f (k) (	)
for every k ∈ C .
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Fix j ∈ J . By hypothesis, {φ j( f (n)): n ∈ ω} has a U -limit in K j which will be denoted by x f . As φ j is a homomorphism
and the addition is continuous in K j , it follows that the U -limit of the sequence {φ j(∑g∈A′ ng g +∑ f ∈B′ m f f (n)): n ∈ ω}
is z :=∑g∈A′ ngφ j(g) +∑ f ∈B′ m f x f .
We claim that {φ j(h(n)): n ∈ ω} has z as its U -limit. Given an open neighborhood U of z, the set B := {n ∈ ω:
φ j(
∑
g∈A′ ng g+
∑
f ∈B′ m f f (n)) ∈ U } belongs to U . By (	), {n ∈ C : φ j(h(n)) ∈ U } = {n ∈ A: φ j(
∑
g∈A′ ng g+
∑
f ∈B′ m f f (n)) ∈
U } = C ∩ B ∈ U . This ends the proof of (b).
To show that condition (c) holds, we can assume that the sequence {an: n ∈ ω} is 1–1. Since h is 1–1, it follows that∑
f ∈B′ m f [ f ] is not 0. Let C ∈ U as in (	). By hypothesis, there exists j ∈ J such that {φ j(
∑
f ∈B′ m f f (n)): n ∈ C} has two
accumulation points in K j . This and the choice of C imply that {φ j(h(n)): n ∈ C} has two accumulation points in K j . Thus
{Φ(h(n)): n ∈ C} is not a convergent sequence which proves (c). 
Selectivity is only used in the proof of Lemma 2.8. The proof of Lemma 2.8 is similar to the proof of Lemma 2.3 in [15]
and a complete proof will be omitted. Versions of Lemma 2.3 in [15] for more than one selective ultraﬁlter have been used
in [27] and [29].
Lemma 2.8. Let α be an inﬁnite cardinal, p be a prime number and k  l be positive integers. Let {xβ : β ∈ αω} be a basis for an
isomorphic copy of (Zpk )
(α) ⊕ (Zpl )(αω) . Let U be a selective ultraﬁlter and E be a countable subset of αω with ω ⊆ E. Suppose that
(i) g is a non-zero element of H := 〈{xβ : β ∈ E}〉;
(ii) { fm: m ∈ ω} is a countable family of sequences in ωH such that for every t ∈ ω and T ⊆ E ﬁnite, the set{
n ∈ ω: { fm(n): m t}∪ {xξ : ξ ∈ T } is independent} is an element of U .
Then, there exist
(1) {Et : t ∈ ω} an increasing sequence of ﬁnite subsets E with⋃t∈ω Et = ω and g ∈ 〈{xβ : β ∈ E0}〉, and
(2) {bt : t ∈ ω} ∈ U in the increasing order
such that
(3) { fm(bt): m ∈ ω ∩ Et} ∪ {xβ : β ∈ Et} is independent for each t ∈ ω, and
(4) Et+1 ⊇ Et ∪ {supp( fm(bt)): m ∈ ω ∩ Et} for each t ∈ ω.
Proof. (Sketch) The proof follows from rewording the proof of Lemma 2.3 in [15]. In [15], p was the selective ultraﬁlter
instead of U , E was a subset of c instead of αω . The group was [E]<ω which has order 2 instead of H . Since the group Zl
is ﬁnite, the arguments using linear independence in both proofs are the same. The singletons were the elements of a basis
for the group [c]<ω , and here, the xβ ’s are elements of a basis for the isomorphic copy of (Zpk )(α) ⊕ (Zpl )(αω) . 
3. Constructing homomorphisms from selective ultraﬁlters
In this section we will construct homomorphisms for a countable subgroup of an isomorphic copy of (Zpk )
(α) ⊕ (Zpl )(αω)
into Zpl . The extension of the homomorphism to the whole group will need several enumerations which we will deﬁne in
the next section.
The main features of the family of homomorphisms we want to construct appear in Lemma 2.7.
Lemma 3.1. Let α be an inﬁnite cardinal, p be a prime number and k  l be positive integers. Let {xβ : β ∈ αω} be a basis for an
isomorphic copy of (Zpk )
(α) ⊕ (Zpl )(αω) . Let U be a selective ultraﬁlter and E be a countable subset of αω such that ω ⊆ E. Suppose
that
(i) g is a non-zero element of H := 〈{xβ : β ∈ E}〉;
(ii) { fm: m ∈ ω} is a countable family of sequences in ωH such that for every t ∈ ω and T ⊆ E ﬁnite, the set{
n ∈ ω: { fm(n): m t}∪ {{xξ }: ξ ∈ T } is independent} is an element of U;
(iii) A ∈ U ;
(iv) f =∑m∈dom r r(m) fm, where r is a function from a ﬁnite subset of ω into Z with [ f ]U = 0; and
(v) {gm: m ∈ ω} ⊆ 〈{xξ : ξ ∈ E}〉 with o( fm(n)) = o(gm), for all m,n ∈ ω.
Then, there exists a homomorphism φ : 〈{xβ : β ∈ E}〉 → Zpl such that:
(a) φ(g) = 0;
(b) {n ∈ ω: φ( fm(n)) = φ(gm)} ∈ U for each m ∈ ω;
(c) {φ( f (n)): n ∈ A} has at least two accumulation points in Zpl .
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the element
∑
β∈F∩D r(β)xβ .
By Lemma 2.8 there exist
(1) {Et : t ∈ ω} an increasing sequence of ﬁnite subsets of E with ⋃t∈ω Et = ω and g ∈ 〈E0〉, and
(2) {bt : t ∈ ω} = B ∈ U in the increasing order
such that
(3) { fm(bt): m ∈ ω ∩ Et} ∪ {xβ : β ∈ Et} is independent for each t ∈ ω, and
(4) Et+1 ⊇ Et ∪ {supp( fm(bt)): m ∈ ω ∩ Et} for each t ∈ ω.
We are now ready to start the construction of the homomorphism φ : 〈E〉 → Zpl .
By (1), the support of g is a subset of E0. Let φ|〈E0〉 be an arbitrary homomorphism such that φ(g) = 0. Then, any
extension of φ|〈E0〉 will satisfy condition (a).
Split ω into disjoint inﬁnite subsets D0 and D1 such that {bt : t ∈ D0} ∈ U . Assume that φ|〈Ei〉 is deﬁned so that for each
t < i:
(b′) φ( fm(bt)) = φ(gm|Et ) for each m ∈ ω ∩ Et if t ∈ D0, and
(c′) φ( fm(bt)) = φ(gm|Et ) for each m ∈ ω ∩ Et if t ∈ D1.
We will show that φ|〈Ei+1〉 can be deﬁned so that conditions (b′) and (c′) hold for t = i.
If i ∈ D0, by condition (3), there exists a homomorphism ψ on the group generated by { fm(bi): m ∈ ω∩ Ei} ∪ Ei into Zpl
such that ψ(xβ) = φ(xβ) for each β ∈ Ei and ψ( fm(bi)) = φ(gm|Ei ) for each m ∈ ω ∩ Ei . This is possible, since o(gm|Ei )
divides o( fm(bi)). From condition (4), ψ can be extended to 〈Ei+1〉. Clearly ψ extends φ|〈Ei〉 , so we will denote this extension
by φ|〈Ei+1〉 . Then (b′) holds for t = i.
If i ∈ D1, by condition (3), there exists a homomorphism ψ on the group generated by { fm(bi): m ∈ ω∩ Ei} ∪ Ei into Zpl
such that ψ(xβ) = φ(xβ) for each β ∈ Ei and ψ( fm(bi)) = φ(gm|Ei ) for each m ∈ ω ∩ Ei . In fact, it suﬃces to choose an
element am of Zpl different from φ(gm|Ei ) whose order divides o( fm(bi)) and set ψ( fm(bi)) = am , for each m ∈ ω∩ Ei . From
condition (4), ψ can be extended as a homomorphism to 〈Ei+1〉. Clearly ψ extends φ|〈Ei〉 , so we will denote this extension
by φ|〈Ei+1〉 . Then (c′) holds for t = i.
Deﬁne φ =⋃i∈ω φ|〈Ei〉 . By (1), φ is deﬁned on 〈E〉.
To show that condition (b) holds, ﬁx m ∈ ω. Then, there exists s ∈ ω such that m ∈ Et and supp(gm) ⊆ Et for each
t  s. By property (b′), the set {n ∈ ω: φ( fm(n)) = φ(gm)} contains a coﬁnite subset of {bi: i ∈ D0} ∈ U . Therefore, {n ∈ ω:
φ( fm(n)) = φ(gm)} ∈ U which proves (b).
Finally, to see that condition (c) is satisﬁed, ﬁx m ∈ ω. From condition (b) it follows that φ(gm) is an accumulation
point of {φ( fm(n)): n ∈ ω} in Zpl . Since Zpl is ﬁnite, it suﬃces to show that {n ∈ ω: φ( fm(n)) = φ(gm)} is inﬁnite. Now,
there exists s ∈ ω such that t  s, m ∈ Et and supp(gm) ⊆ Et . By property (c′), the set {n ∈ ω: φ( fm(n)) = φ(gm)} contains
a coﬁnite subset of {bi: i ∈ D1}. Thus, {n ∈ ω: φ( fm(n)) = φ(gm)} is inﬁnite and (c) holds. 
4. Constructing countably compact group topologies
The ﬁrst countably compact group without non-trivial convergent sequences was constructed under CH [16] in 1976.
E.K. van Douwen obtained one from MA [12] and Koszmider, Tomita and Watson obtained one from MAcountable [20]. It was
shown recently that such examples can be constructed without some form of Martin’s Axiom [15].
It is still wide open whether countably compact groups without non-trivial convergent sequences can be constructed
without additional axioms.
As in the previous section, let α be an inﬁnite cardinal, p be a prime number and k l be positive integers. We will use
heavier notation in this section.
Split αω into two sets A0 and A1, such that |A0| = α, |A1| = αω . Let G0 be the group ⊕β∈A0 Zpk and G1 be the group⊕
β∈A1 Zpl . Let {xξ : ξ ∈ Ai} be the canonical basis of Gi , for each i < 2.
Let G be the group G0 ⊕ G1. By abuse of notation, assume that each element of G0 ∪ G1 is an element of G .
Split A1 into two pieces B0 and B1, each of size αω and enumerate all the 1–1 sequences in ωGi as { fξ : ξ ∈ Bi} for
each i < 2 such that
⋃
n∈ω supp( fξ (n)) ⊆ ξ for each ξ ∈ A1.
By Lemma 2.6, we can ﬁx Ci ⊆ Bi such that {[xξ ]U : ξ ∈ Ai} ∪ {[ fξ ]U : ξ ∈ Ci} is a basis for ωGi/U for each i < 2.
The set {[xξ ]U : ξ ∈ αω} ∪ {[ fξ ]U : ξ ∈ C0 ∪ C1} is a basis for Gω/U .
Furthermore, o( fξ (n)) = pk , for every n ∈ ω if ξ ∈ C0 and o( fξ (n)) = pl if ξ ∈ C1.
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with a U -compact group topology without non-trivial convergent sequences.
Proof. The group (Zpk )
(α) ⊕ (Zpl )(αω) is isomorphic to G deﬁned above. Thus, it suﬃces to produce such group topology
for G .
Let g ∈ G be non-zero and f ∈ ωG such that f is generated by a ﬁnite combination of { fξ : ξ ∈ C0 ∪ C1}〉 with [ f ]U = 0.
Let r be a function that witness that f is generated by { fξ : ξ ∈ C0 ∪ C1}〉. Let A ∈ U be arbitrary.
Since
⋃
n∈ω supp( fξ (n)) ⊆ ξ for each ξ ∈ C0 ∪ C1, there exists a countable E ⊆ αω such that supp(g) ∪⋃
n∈ω supp( f (n)) ⊆ E and
⋃
n∈ω supp( fβ(n)) ⊆ E , for each β ∈ E .
The following are satisﬁed:
(i′) g is a non-zero element of H := 〈{xβ : β ∈ E}〉;
(ii′) { fξ : ξ ∈ (C0 ∪ C1) ∩ E} is a countable family of sequences in ωH such that for every ﬁnite subsets S ⊆ (C0 ∪ C1) ∩ E
and T ⊆ E , the set{
n ∈ ω: { fξ (n): ξ ∈ S}∪ {{xξ }: ξ ∈ T } is independent}
is an element of U ;
(iii′) A ∈ U ;
(iv′) f =∑ξ∈dom r r(ξ) fξ , where r is a function from a ﬁnite subset of (C0 ∪ C1) ∩ E into Z with [ f ]U = 0; and
(v′) {gξ : ξ ∈ (C0 ∪ C1) ∩ E} ⊆ 〈{xξ : ξ ∈ E}〉 with o( fξ (n)) = o(gξ ), for all n ∈ ω and ξ ∈ (C0 ∪ C1) ∩ E , where gξ = xξ if
ξ ∈ C1 and gξ = pl−kxξ if ξ ∈ C0.
By relabeling the indexes in (i′)–(v′) (enumerate (C0 ∪ C1) ∩ E as {ξm: m ∈ ω} and relabel fξm as fm and gξm as gm),
we can make (i)–(v) in Lemma 3.1 be satisﬁed. Applying Lemma 3.1 and turning back to the original labeling, we obtain
a homomorphism φg, f ,A : 〈{xξ : ξ ∈ E}〉 → Zpl such that
(a′) the point φg, f ,A(g) is not 0;
(b′1) the set {n ∈ ω: φg, f ,A( fξ (n)) = φg, f ,A(pl−kxξ )} belongs to U for each ξ ∈ C0 ∩ E;
(b′2) the set {n ∈ ω: φg, f ,A( fξ (n)) = φg, f ,A(xξ )} belongs to U for each ξ ∈ C1 ∩ E; and
(c′) the sequence {φg, f ,A( f (n)): n ∈ A} has at least two accumulation points in Zpl .
We will extend φg, f ,A to G . Suppose by induction that γ in αω \ E , φg, f ,A({γ }) is not deﬁned and φg, f ,A is deﬁned on
〈γ ∪ E〉 so that
(b′3) {n ∈ ω: φg, f ,A( fξ (n)) = φg, f (pl−kxξ )} ∈ U for each ξ ∈ C0 ∩ (γ \ E); and
(b′4) {n ∈ ω: φg, f ,A( fξ (n)) = φg, f (xξ )} ∈ U for each ξ ∈ C1 ∩ (γ \ E).
We will extend φg, f ,A to 〈(γ + 1) ∪ E〉.
If γ ∈ C0, deﬁne φg, f ,A(xγ ) so that φg, f ,A(pl−kxγ ) is the U -limit of {φg, f ,A( fγ (n)): n ∈ ω}. This is possible, since
o(pl−kxγ ) = o( fγ (n)) for each n ∈ ω and {xγ } ∪ γ ∪ E is an independent set.
Similarly, if γ ∈ C1, deﬁne φg, f ,A(xγ ) to be the U -limit of {φg, f ,A( fγ (n)): n ∈ ω}. Note that o(xγ ) = o( fγ (n)) for each
n ∈ ω.
If γ /∈ C0 ∪ C1, deﬁne φg, f ,A(xγ ) = 0.
Deﬁne C as the set of f ∈ ωG such that f is a ﬁnite combination of { fξ : ξ ∈ C0 ∪ C1} with [ f ]U = 0.
Deﬁne Φ(g) = {φh, f ,A(g): h ∈ G, f ∈ C and A ∈ U}.
The conditions (a′) and (c′) correspond to conditions (a) and (c) in Lemma 2.7 and conditions (b′1)–(b′4) correspond
to condition (b) in Lemma 2.7. Hence, Φ is an embedding and Φ[G], with the subspace topology, is a U -compact group
without non-trivial convergent sequences. The desired group topology on G is generated by the homomorphism Φ . 
5. The classiﬁcation of the torsion Abelian groups that admit a countably compact topology
Let (∗) be the set of conditions: (1) αω = α if α has uncountable coﬁnality, (2) every cardinal of countable coﬁnality
is strong limit and (3) there exists a selective ultraﬁlter. GCH implies (∗). For (1), see Lemma 10.42 in [21]. For (2), every
cardinal of countable coﬁnality is limit and, under GCH, every limit cardinal is strong limit as 2γ = γ+ for every inﬁnite
cardinal γ . For (3), GCH implies CH and there are 2c selective ultraﬁlters under CH.
Theorem 5.1. Assume (∗). Let G be a torsion group and let U be a selective ultraﬁlter. Then the following are equivalent:
(1) G admits a U -compact group topology without non-trivial convergent sequences;
(2) G admits a group topology without non-trivial convergent sequences such that every self-power is countably compact;
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(4) G admits a pseudocompact group topology;
(5) Gp admits a pseudocompact group topology for each prime number p and ﬁnitely many Gp’s are non-trivial;
(6) for each prime number p, Gp is isomorphic to
⊕
ilp Z
(αp,i)
ptp,i
with tp,0 < tp,1 < · · · < tp,lp and for each i  lp either αp,i is ﬁnite
or there is j  i such that αp,i  αp, j = (αp, j)ω .
Proof. (1) ⇒ (2) ⇒ (3) ⇒ (4) are trivial. Conditions (4)–(5) are equivalent in ZFC (see [9]).
A cardinal α is said to be admissible if there exists a pseudocompact group topology on some group of cardinality α
(see [9]). E.K. van Douwen [13] showed that cardinals of countable coﬁnality that are strong limit are not admissible.
In [9], it is shown that Gp admits a pseudocompact group topology if and only if Gp is isomorphic to
⊕
ilp Z
(αp,i)
ptp,i
with
tp,0 < tp,1 < · · · < tp,lp and for each i  lp either αp,i is ﬁnite or there is j  i such that αp,i  αp, j and αp, j is admissible.
By (∗) and van Douwen’s result, if αp, j is admissible then it must have uncountable coﬁnality. Again by (∗), if αp, j is
admissible then αp, j = (αp, j)ω . Therefore, under (∗), (5) and (6) are equivalent.
To ﬁnish the proof, we show that condition (6) implies condition (1).
For each i, with αp,i inﬁnite, denote by ji an index such that i  ji and αp,i  αp, ji = (αp, ji )ω that is (αp,i)ω  (αp, ji ).
Then,
⊕
ilp Z
(αp,i)
ptp,i
is isomorphic to
( ⊕
ilp∧|αp,i |<ω
Z
(αp,i)
ptp,i
)
⊕
( ⊕
ilp |αp,i |ω
(
Z
(αp,i)
ptp,i
⊕ Z(α
ω
p,i)
p
tp, ji
))
.
Since U -compactness is productive and the ﬁnite product of spaces without non-trivial convergent sequences does not
have non-trivial convergent sequences, it suﬃces to show that Z
(αp,i)
ptp,i
⊕ Z(α
ω
p,i)
p
tp, ji
admits a U -compact group topology without
non-trivial convergent sequences. This last fact follows from Example 4.1, thus we are done. 
The following corollary was obtained for I of cardinality less than 2c = 2<2c in [10] in a forcing model satisfying CH.
Corollary 5.2. Assume (∗). Let {Gi: i ∈ I} be a family of torsion Abelian groups. Then ∏i∈I Gi admits a countably compact group
topology if and only if each Gi admits a countably compact group topology.
Dikranjan and Tkachenko [11] obtained the equivalence between (3) and (6) in Theorem 5.3 under MA.
Theorem 5.3. Let U be a selective ultraﬁlter and G be a torsion group of size c. Then the following are equivalent:
(1) G admits a U -compact group topology without non-trivial convergent sequences;
(2) G admits a topological group topology without non-trivial convergent sequences in which every self-power is countably compact;
(3) G admits a countably compact group topology without non-trivial convergent sequences;
(4) G admits a pseudocompact group topology;
(5) G is of bounded order and for each p prime Gp admits a pseudocompact group topology;
(6) G is the direct sum of ﬁnitely many Gp’s with p prime and each Gp is isomorphic to
⊕
ilp Z
(αp,i)
ptp,i
with tp,0 < tp,1 < · · · < tp,lp
integers and each αp,i a cardinal such that if i  lp is the largest integer for which αp,i is inﬁnite then αi,p = c.
Proof. The argument is similar to the proof of Theorem 5.1. For (6) ⇒ (1) we use that cω = c and that the least inﬁnite
admissible cardinal is c. 
The following corollary improves a result of [11] where it is obtained from Martin’s Axiom and with I of size less than c.
Corollary 5.4. Suppose that there exists a selective ultraﬁlter. Let {Gi: i ∈ I} be a family of torsion Abelian groups of size c. Then∏i∈I Gi
admits a countably compact group topology if and only if each Gi admits a countably compact group topology.
6. Countably compact groups whose weight have countable coﬁnality
In [23], Malykhin and Shapiro showed that under GCH every totally bounded group (in particular countably compact
group) without non-trivial convergent sequences has weight of uncountable coﬁnality.
In [26], it was shown that it is consistent that there exists a countably compact group of size 2c and weight of countable
coﬁnality < 22
c
. From the construction in this paper, we can obtain examples of arbitrarily large weight.
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without non-trivial convergent sequences whose weight is λ.
Proof. Start with a model in which CH holds and there is a proper class of cardinals γ such that γ = γ ω and there exists
a cardinal λ of countable coﬁnality between γ and 2γ . For each κ , ﬁx γ > κ as above. Using the topological group in
Example 4.1 for (Z2)(γ ) and the argument in [26], there exists a countably compact group without non-trivial convergent
sequences of size γ and weight λ. 
The examples obtained above have weight of countable coﬁnality but its cardinality does not have countable coﬁnality.
The examples in [3] and [10] of countably compact groups without non-trivial convergent sequences whose cardinality
is of countable coﬁnality have weight ℵ1. The cardinality of the examples in [3] and [10] are also limited by 2c .
The example in [28] of a countably compact group with cardinality and weight of countable coﬁnality has convergent
sequences.
Question 6.2. Are there cardinals κ and λ of countable coﬁnality and a countably compact group without non-trivial conver-
gent sequences of weight λ and cardinality κ? What is the possible order relation between κ and λ to obtain an example?
The question below is open even for countably compact groups with convergent sequences.
Question 6.3. Is there a cardinal κ of countable coﬁnality such that κ > 2c and a countably compact group with no non-
nontrivial convergent sequences whose cardinality is κ?
7. Final comments
The characterization of arbitrarily large Abelian non-torsion groups remains completely open.
Question 7.1. Characterize the non-torsion groups of size strictly greater than 2c that admit a countably compact group
topology in some model of ZFC.
The classiﬁcation under MA in [11] of the non-torsion groups of cardinality c that admit a countably compact group
topology started with a modiﬁcation of Tkachenko’s construction [24] who produces a countably compact group topology
for the free Abelian group of cardinality c from CH. Dikranjan and Tkachenko [11] mention that the ﬁrst step to characterize
the groups of size larger than c that admit a countably compact group topology, would be the construction of a countably
compact group topology on a free Abelian group of size greater than c.
Using a countably closed forcing in a model of CH, Koszmider, Tomita and Watson [20] constructed a countably compact
group topology on the free Abelian group of size 2c . Other examples of cardinality at most 2c appear in [3] and [10],
also using countably closed forcing. This type of forcing does not seem to provide larger examples. Madariaga-Garcia and
Tomita [22] give an example of cardinality 2c , using 2c selective ultraﬁlters. The technique in [22] also has a cardinality
limitation given by the number of possible selective ultraﬁlters.
Question 7.2. Is it consistent that there exists a countably compact group topology on a free Abelian group of cardinality
strictly larger than 2c?
Question 7.3. (a) Can one replace MA by the existence of c selective ultraﬁlters in the characterization of the Abelian non-
torsion groups of cardinality c obtained in [11]?
(b) Can one characterize the Abelian non-torsion groups of cardinality at most 2c in a model in which CH does not hold?
Without forcing?
It is shown in [22] that the existence of c selective ultraﬁlters imply the existence of a countably compact group topology
on the free Abelian of cardinality c.
Question 7.4. Does the existence of a selective ultraﬁlter imply the existence of a countably compact group topology on the
free Abelian group of size c?
One may try to produce U -compact group topologies as in the torsion case, but that is not possible. In [25], it was shown
that the ωth power of a group topology on a free Abelian group is not countably compact, thus, not U -compact.
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